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Abstract. In this paper we define a two-variable, generic Hecke algebra, H, for each 
complex reflection group G(6, l,n). The algebra Ti specializes to the group algebra of 
G(6, l,n) and also to an endomorphism algebra of a representation of GL n (F g ) induced 
from a solvable subgroup. We construct Kazhdan-Lusztig "i?-polynomials" for H and show 
that they may be used to define a partial order on G(6, l,n). This partial order specializes 
to the Bruhat order for the symmetric groups when 6=1, but not to the Bruhat order for 
the hyperoctahedral groups when 6=2. We also give some properties of the partial order 
and a closed formula for the "i?-polynomials." 



1. Introduction 

Suppose G is a finite group of Lie type and k is a field whose characteristic is rela- 
tively prime to \G\. Then the irreducible ^-representations of G are partitioned into Harish- 
Chandra series (see for example jjj). An irreducible representation is cuspidal if it is the 
only member in its Harish-Chandra series. Non-cuspidal representations can be constructed 
and their character values computed using the theory of endomorphism algebras of induced 
representations. 

The prototypical example of a Harish-Chandra series that does not consist of just one 
cuspidal representation is the principal series. In this case, the endomorphism algebra of 
interest is the endomorphism algebra of representation induced from the trivial representation 
of a Borel subgroup of G. This algebra is a specialization of a generic algebra, the Iwahori- 
Hecke algebra of the Weyl group, W, of G. The Iwahori-Hecke algebra also specializes to 
the group algebra of W. 

Recently, Broue, Malle, and Michel (see [2], [H|, [3]) have shown that if the characteristic 
of k is different from the defining characteristic of G, then the classical Harish-Chandra 
theory just outlined can be extended to describe the blocks of kG. A new feature that arises 
when the characteristic of k divides \G\ is that the endomorphism rings used to analyze non- 
cuspidal representations are deformations of group algebras of complex reflection groups that 
are not Weyl groups or even Coxeter groups. 

In order to study Iwahori-Hecke algebras, Kazhdan and Lusztig and Lusztig ^3] have 
developed a powerful theory for analyzing representations of Iwahori-Hecke algebras which 
in turn plays a central role in describing the irreducible representations of G. 

In this paper we consider a variation of the above themes and define a generic algebra, 
Tl, for finite general linear groups that specializes to the group algebra of the complex 
reflection group G(b, l,n) and also specializes to the endomorphism algebra of an induced 
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representation of GL n (Fq). This last algebra is closely related to the principal block of 
GL n (F 9 ) when b = |GL n (F g )|j where / is the characteristic of k (see §3). 

The algebra we define in this paper has been implicitly considered by Cabanes and En- 
guehard |Sj as well as others. The novelty of our approach is that instead of using various 
coincidences between prime numbers, we exploit a generic construction of this algebra. Since 
our construction is generic, results obtained in special cases may be recovered from the generic 
setup by specializing the variables. 

Our original goal was to develop a Kazhdan-Lusztig theory for the groups G(b, 1, n) using 
the observation that for a Weyl group, the Bruhat order is completely determined by the 
Kazhdan-Lusztig "i?-polynomials." In this, we have been only partly successful. The stan- 
dard basis elements of TC are invertible and so can be used to define i?-polynomials. In turn, 
the /^-polynomials define a partial order on G(b, 1, n) that seems to be new. This partial 
order is the Bruhat order on the symmetric group when 6 = 1. Unfortunately, although it is 
possible to define a Kazhdan-Lusztig "C-basis" of our algebra in certain circumstances, we 
have not yet been able to use this basis to define cells in G(b, 1, n) as in [TB*] . 

The algebra H specializes to the group algebra of G(b, l,n), so it should be related to a 
suitable specialization of an Ariki-Koike algebra. It also seems likely that 7i is a cellular 
algebra in the sense of Graham and Lehrer [T2]. We hope to consider these questions, as 
well as the representation theory of 7i, in future work. 

Our construction has an obvious and natural generalization to arbitrary finite Chevalley 
groups or F^-points of a reductive algebraic group. However, when the underlying root 
system is not of type A, the groups that arise are no longer complex reflection groups. In 
order to retain the connection with complex reflection groups and to make the exposition of 
our ideas as clear as possible, we consider only the case of the general linear group. 

For the rest of this paper, G will denote GL n (F g ) where q is a prime power. Suppose that 
a and b are relatively prime, positive integers with ab = q — 1. The multiplicative group of 
F q is a cyclic group with order q — I and so it factors as the direct product of a cyclic group 
of order a, which we will denote by F a , and a cyclic group of order b, which we will denote 
by F b . Let H be the subgroup of G consisting of diagonal matrices. Let H a and H b be the 
subgroups of H with entries in F a and F b respectively. Then clearly H = H a x H b . 

Let U denote the subgroup of G consisting of upper triangular, unipotent matrices and 
define B a = H a B. Notice that B a = U when a = 1 and B a is a Borel subgroup of G when 
a = q — 1. 

Let e denote the centrally primitive idempotent in the group algebra CB a corresponding 
to the trivial representation of B a . In §2 we study the subalgebra eCGe. This algebra is 
isomorphic to the opposite algebra of the endomorphism algebra of the representation of G 
induced from the trivial representation of B a . Let W denote the subgroup of G consisting 
of permutation matrices. It is easily seen that the subgroup WH b of G is isomorphic to 
G(b,l,n) and that WH b is in fact a complete set of (B a , S a )-double coset representatives. 
In §2 we prove some multiplication relations in eCGe. These relations are analogous to the 
braid and quadratic relations in the Iwahori-Hecke algebra of W and also to the relations in 
the Bernstein- Zelevinsky presentation of the extended, affine Hecke algebra of W. 

In §3 we define the generic algebra Ti using the relations from §2 as a model. This is 
entirely analogous to the construction of the Iwahori-Hecke algebra. We show that our 
generic algebra has a basis indexed by WH b using an argument that goes back to [TJ Ch. 4, 
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Ex. 23] We then record some of the standard properties of the Iwahori-Hecke algebra that 
remain true in our setup and the connection with the principal block of G in the case when 
Hb is a Sylow-Z subgroup of G and I is the characteristic of k. 

In §4 we construct the /^-polynomials and show that they can be used to define a partial 
order on WHb. In the proof, we relate intervals in the partial order with intervals in the 
Bruhat order on W and certain subsets of Hb- 

Finally, in §5 we adapt Deodhar's ideas in ^U] to describe the lower order ideals in the 
poset (WHb, <) and to give a closed form expression for the /^-polynomials. These arguments 
use an analog in WH b of a reduced expression of an element in W. 



2. The Algebra eCGe 

Recall that G = GL n (F g ) and that q — 1 = ah where a and b are relatively prime. 
In this section T~tq >a will denote the "Hecke algebra" eCGe, where CG is the group algebra 



of G and e is the centrally primitive idempotent \B a \ 1 Yl l beB a ^ * n ^^a- Thus, H g>a 



is 



anti- isomorphic to the endomorphism ring of the induced representation Ind B (1b<J- 

Suppose { x\, . . . , x m } is a complete set of (B a , B a ) double coset representatives and Di = 
B a XiB a is the double coset containing Xj. It is well known (see [SJ Proposition 11.34]) that 
if we consider CC7 as C-valued functions on G and let T x . = \B a \~ l Xi, where \i is the 
characteristic function of Di, then the T Xi 's are a basis of 1~L qA - Moreover, the multiplication 
in H qA is given by 

m 

T Xi T Xj = ^ /',.., ;.,,'/:,,. where n Xi , Xj , Xlt = \B a \~ x \Dif\x k Dj l \. 

k=l 

For a permutation matrix, w, in W, define U~ = { u 6 U \ wuw" 1 G WqUwq}, where 
Wo is the permutation matrix with l's on the antidiagonal. Then by the strong form of the 
Bruhat decomposition for G we have G = Yiwew U~-iiuHU with uniqueness of expression. 
Since H = Hb x H a , this proves the next lemma. 

Lemma 2.1. Every element in G has a unique expression as a product u\wtbt a U2 where w 
is in W , Ui is in U~_ 1} h a is in H a , hb is in Hb, and u is in U . In particular, the subgroup 
WH h of G is a complete set of (B a , B a )- double coset representatives. 

It follows that dimft^ = \WH b \ = b n n\. 

Fix a generator, (, of . Then ( b generates F a and ( a generates Fb- In order to determine 
the structure constants fi x , y ,z for x, y, and z in WH b we need the following lemma, whose 
easy proof will be omitted. 

Lemma 2.2. Suppose u = [J is in GL2(F g ) with < c < q — 1 and s = [° J]- Write 
c = am + bn where < m < b — 1 and < n < a — 1. Then sus = u\shbh a U2 where 



Ui = u 2 



o 1 



h h 



I* am q 

o (-i) 6 - x C 



, and h a 



( bn 
(-l) b C 



b/-—bn 



Notice that -1 = (( b ) a / 2 is in F a if b is odd and -1 = (( a ) b / 2 is in F b if b is even. 
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For 1 < i < n — 1 define 



i 

i+1 




1 



i + 1 



1 




so S = { s } is a set of Coxeter generators for W. 

For a in F b and 1 < % ^ j < n, define hi(a) to be the diagonal matrix whose ith entry is 
a and whose other diagonal entries are 1 and define hij(a) = hi(a)hj((— 1 ) b_1 a; _1 ). 

Corollary 2.3. Suppose s = Sj is in S . 

(1) If u is in U~ and the non-zero, off-diagonal entry of u is ( c where c = am + bn, then 
sus = uish^h^U2 where h^ = h iji+ i(( am ) 

(2) The relation Ui ~ u 2 if and only if h^ 1 
each equivalence class contains a elements. 



h% 2 is an equivalence relation on U s and 



Proof. The first statement follows immediately from the lemma. 

The relation in the second statement is clearly an equivalence relation. If u is in U~ and 
the non-zero, off-diagonal entry of u is £ am+6n ; then it follows from the first statement that 
the equivalence class containing u is the set of all elements in U~ whose non-zero, off-diagonal 
entry is ( am + bn ' where < n' < a - 1. □ 

Using the natural projection WH^ — » W we can lift the length function, £: W — ■> N, to 
WH b . Then £(wd) = £{dw) = £{w) for w in W and d in H h . 

Let T = { wSiW^ 1 | 1 < i < n — 1, w eW}be the set of reflections in W. For t = ws^w^ 1 
in T, define 



(2.3.1) 



X t = {wh iti+ i(a)w 1 | a e F b }. 



Then X t is a subgroup of Hb isomorphic to if b is odd and X t is a coset of a subgroup 
of H b that is isomorphic to F b if b is even. 

We can now describe the multiplication in H q:a . 

Theorem 2.4. The multiplication in the Hecke algebra 7-C q , a is determined by the following 
relations. 

(1) If d and d' are in H b , then T d /T d = T d i d . Thus, the rule d i— > T d extends linearly to an 
algebra isomorphism between the group algebra CH b and the subset of H q a spanned 
by{T d \deH b }. 

(2) If d is in H b and w is in W , then T w T d = T wd and T d T w = T dw . 

(3) If w is in W and s is in S, then 



T T = 

- 1 w s 



T ws if£{ws)>£{w) 
qT ws + a Y,dax s T ™d if £{ws) < £{w) . 
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Proof. Recall that for x and y in WH b we have 

T x T y = ^ ^ [J>x,y,zT z 
zdWH b 

where fx X) y )X = \B a \~ x \B a xB a n zB a y- l B a \. 

Taking x = d' and y = d in H b we get B a d'B a fl zB a d~ l B a = d'B a R zd~ l B a . Since <f and 
2;<i _1 are (_B a , S a )-double coset representatives, it follows that = if z 7^ d'd and if 

2 = d'd, then fi d ',d,d'd = |-B | _1 |5 a | = 1. Therefore, T d /T d = 7> rf . 

Taking x = w in W and y = d in Hf, we get B a wB a fl zB a d~ x B a = B a wB a fl zd~ 1 B a . Since 
w and zd -1 are (5 a , S a )-double coset representatives, it follows that /a^* = if z 7^ 
and if z = wd, then fJ, W) d, W d — | -B a | — 1 1 -S a | = 1- Therefore, T w Td = T w d- A similar argument 
shows that T d T w = T dw . 

To prove the last statement, fix w in W and s = S{ in S. Then for x in WT b 

Vw,s,x = 7777 \B a wB a n xS Q sS a | 



|{ (u, b) G U s x B a I xwsfr G B a wB a }| 



= I { w G ?7~ I xms G B a wB a } J . 

Suppose a; = lOiti where W\ is in and d is in 
Consider first the case when £(ws) > £(w). 

If £(w±s) > £(wi), then for u in U~ we have Widus = u'wisd' where v! = Widud~ l w^ 1 is 
in U and ef = sds is in T&. Thus, xus is in B a wB a if and only if wi = ws and d = 1. But 
then £(u>) = £{w\s) > £{w\) = £(ws), a contradiction, so fi(w,s,x) = in this case. 

If £(wis) < £(wi), then w\dus = wis(sds) is in B a wB a if and only if u>i = ws and 
d = 1. If £{w\s) < £(wi) and u is in {7~ with u ^ 1, then w\dus = u'w\dh b b' where 
«' = wifisMiSfi -1 ^^ 1 is in [/, 6' = /i a U2 is in B a , and sms = U\shbh a U2 as in Corollary 12.31 
Thus, xus is in B a wB a if and only if ii>i = w and d = . But then £(w\s) = £(ws) > 
£(w) = £(wi), a contradiction, so u(w, s, x) — in this case. 

It follows that if £(ws) > £(w), then 



flu 



x ^ ws 

1 X = 



and so T W T S = T ws . 

Finally, consider the case when £(ws) < £(w). 

If £{w\s) > £(wi), then for u is U~ we have w±dus = u'w^d' where u! = Widud^w^ 1 is in 
U and d! = sds is in T b . Thus, xus is in B a wB a if and only if W\ = ws and d — 1. Therefore 

AVs.wa = 9 and /Vs,3 = otherwise. 

If £{w\s) < £(wi), then w\dus = Wis(sds) is in B a wB a if and only if = ws and 
d = 1. But then £(w\s) = £{w) > £{ws) = £(wi), a contradiction, so /i(w,s,x) = in 
this case. If £{wis) < £{w\) and u is in U~ with m ^ 1, then w\dus = u'widh^b' where 
u' = w\dsu\sd~ l Wi l is in U, b' = h a U2 is in B a , and sus = uish^h^u 2 as in Corollary 12.31 
Thus, xus is in B a wB a if and only if w± — w and d = (h^)^ 1 . It follows that u WtS ^ x = 
unless w\ = w and ci is in X s . For x = wd with d in X s we have 

Hw,s,wd = \{u G U~ I d= }|. 
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It follows from Corollary 12.31 that for a given h iti+ i(a), there are a elements, u, in U~ with 
h b = h iti+ i(a) and so ^ w , s ,wd = a ioi d in X s . 
We have shown that if £(ws) < £(w), then 

q x = ws 
Hw,s,x = {a x = wd, d E X s 
otherwise 

and so T W T S = qT ws + a J2dex s Twd- This completes the proof of the theorem. □ 

We conclude this section by recording some properties of H b and the subgroups X t that 
we will require later. 

Proposition 2.5. For every t in T , the subset X t is closed under taking inverses. Ifti, . . . , 
t r+ \ are in T , then 

Xt 1 ■ ■ ■ X tr X tr+1 = X tl ■ ■ ■ X tr X tl ... trtr+ltr ... tl . 

Proof. The fact that X t = Xf follows immediately from the definition. 
To prove the second statement we use induction on r. 

Suppose r = 1. If t\t 2 = t 2 ti, then the result is clear. Suppose t 1 t 2 ^ t 2 ti. There are 
distinct i, j, and k with 1 < i, j, k < n so that t\ interchanges the ith and jth standard basis 
vectors of F™, t 2 interchanges the jth and kth. standard basis vectors of F™, and t\t 2 t\ inter- 
changes the ith and kth. standard basis vectors of F™. Then hij(a)hj t k(P) = 
for a and (3 in F b and so 

X tl X t2 = {hij(a)h j>k ((3) \ a, (3 E F b } 

= {h i:J {a(3- l )h i:k {(3) \a,(3eF b } 
= {hijfa^hi^iPi) | ai,Pi e F b } 
= X tl X tlt2tl . 

Now suppose that r > 1. Then by induction and the case when r = 1 we have 

XtiX t2 ■ ■ ■ X tr X tr+1 = X tl X t2 ■ ■ ■ X tr X t2 ... trtr+ltr ... t2 
= X t2 ■ ■ ■ X tr X tl X t2 ... trtr+ltr ... t2 
= X t2 ■ ■ ■ X tr Xt 1 X tl ...t r t r+1 t r ---t 1 

This completes the proof of the proposition. □ 

Define X = { hi(( al ) \ < i < b — 1}, so X is a subgroup of H b . 
Proposition 2.6. The multiplication mapping 

X x X 8l x • • • x X Sn _ ± -> H b 

is a bisection. 

Proof. Since the domain and codomain of the mapping both have cardinality b n , it is enough 
to show that the mapping is injective. 

We use induction on n, the base case being when n = 2. 
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Suppose /ii(C ai )^i,2(«i) = hi(C a ^)hi ) 2(/h) ■ Then comparing (2, 2)-entries we see that 
(-lf- 1 ^ = {-l) h ^fa and so oti = fa. 'it follows that h x (C, ai ) = h^)- 
Suppose n > 2 and 

fri(C oi )^i,2(ai) ' • ' h n -i,n( a n-i) = h x {C j )h x ^{fa) ■ ■ ■ /i„_i >n (/3 n _i). 

Then comparing (n, n)-entries we see that ( — l) fe_1 a; n _i = (—\) h ~ l f3 n -i and so a n -\ = f3 n -i- 
Therefore 

By induction we have hi(( m ) = /?-i(C aj ) and cti = fa for 1 < i < n — 2. □ 

3. The Generic Algebra TL 

In this section we define a generic algebra that specializes to the algebra TC q , a from £0 
This algebra depends only on the triple (W, S,b) where (W, S) is a Coxeter group with W 
a symmetric group, and b is a positive integer. Such a triple determines the wreath product 
(Z/bZ)lW. In order to keep the notation to a minimum we will always consider the particular 
representation of this group as the subgroup WH b of GL n (F q ) from ^21 In addition, we will 
continue to use the notation already introduced for WHb. In particular, £ is the length 
function, S is a fixed set of Coxeter generators of W, and for s in S, X s is the subset of H b 
defined in fl2~3~TD . 

Let A = Z[a, v] where a and v are indeterminates. Set q = v 2 and define TC to be the 
A-algebra with generators {t s \ s G S } U {t d \ d G H b } and relations 

(3.0.1) tdtd' = tdd 1 

(3.0.2) t d t Si = t s i s . ds . 

(3.0.3) t Si t Sj = t Sj t Si if|j-i|>l 

(3-0.4) t Si t Si+1 t Si = t Si+1 t Si t Si+1 

(3.0.5) t\ = ql n + 8iJ2 tit* 

dex H 

where l<i<j<n— 1 and d and d' are in H b . 

It follows from relations (|3.0.3|) and (J3.0.4)) and Matsumoto's Theorem theorem 1.2.2] 
that if w is in W, w = ■ ■ ■ s ip , and £(w) = p, then the product t si • • • t Sp depends only on w 
and not on s^, . . . , Si p so we may define t w unambiguously by t w — t Sl ■ ■ ■ t Sp . We also define 
t w d = t w t d and td w = tdt w for w in W and d in Hb. Using relation ()3.0.2|) and induction it 
is easy to see that t x is unambiguously defined for every x in WH b . Notice that t\ is the 
identity in TL. 

Lemma 3.1. The following relations hold for x in WHb, d in Hb, and s in S: 

(1) t x t d = t xd and tdt x = tdx 
, 2 \ tt = Usx ift(sx) > £(x) 

[qtsx + a Edex s f dx l f K sx ) < K x ) 

r$\ t t _ J*** if£(xs) > £(x) 

\ qt xs + a^ deXs t xd if£(xs) < £(x) 



8 S.I. ALHADDAD AND J.M. DOUGLASS 

Proof. The first statement follows easily from relation (|3.0.2|) and the definitions. 

Using induction on £{w) and (|3.U.5|) it is easily seen that (J2J) holds when x is replaced by 
w. Then (J2J) follows in general by writing x = wd and using (JTjl. 

Using induction on t(w) and (|3.().5jl it is easily seen that (jHJ) holds when x is replaced by 
w. Then follows in general by writing x = dw and using ([T}. □ 

Theorem 3.2. TTie algebra 7i is free as an A-module with basis { t x \ x G Wi?b }. 

Proof. It follows from the last lemma that the span of { t x \ x G PUif;, } is a two-sided ideal 
in 7i containing the identity element so { t x \ x G WHf, } spans Ti. 

To show that { t x \ x G W-fffc } is linearly independent, we adapt Lusztig's presentation [THJ 
Proposition 3.3] of the analogous result for Iwahori-Hecke algebras to the current situation. 

Let E be a free A-module with basis { e x \ x G }. For s and t in 5 and d in .£/{,, 

define endomorphisms Pa, Qd, Ps, and Qt of i£ by A-linearity and 

Pdifix) &dxi Qdifix) &xd 



P s (e x ) 



Qt(e x 



e sx £{sx) > £(x) 

qe sx + 8iJ2d>ex s e d'x £(sx) < £{x) 

e xt £(xt) > £(x) 

qe xt + a J2d'ex t ^ sx ) < ^( x ) 



We next show that P y Q z = Q z P y for y and zin5U Hf,. 

Clearly PdQd' = Qd'Pd, P s Qd = QdP s , and PdQt = QtPd- The length function £ is constant 
on Hf, cosets and it follows that P s Pd = PdP s and QdQt = QtQd- 

It remains to show that P s Qt = QtPs for s and t in S. There are six cases. 

First, suppose that £(sxt) > £(sx) = £{xt) > £{x). Then for any x in WHj, we have 

P s Qt(e x ) = e sxt = Q t P s (e x ). 
Second, suppose that £(x) > £(sx) = £(xt) > £(sxt). Then for any x in WHf, we have 

P s Qt{e x ) = q 2 e sxt + aq I ^ e dxt + e sxd > ) + a 2 ^ edxd ' 

\dex s d'eXt ) dex s d'ex t 

= Q t P s (e x ). 

Third, suppose that £{xt) > £(sxt) = £{x) > £(sx). Then for any x in WH b we have 

P s Qt(e x ) = qe sxt + a ^ e dxt 
dex a 

= QtP s (e x ). 

Fourth, suppose that £{sx) > £{sxt) = £{x) > £{xt). This case is similar to the situation 
in the previous paragraph. 

Fifth, suppose that £{sxt) = £{x) > £(sx) = £(xt). Then for any x in WHf, we have 

P s Qt(e x ) = qe sxt + aq ^ e sxd> + a 2 &dxd' 

d'eXt d£X s d'eXt 
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and 



QtP s (e x ) = qe sxt + aq ^ e dxt + a 2 ^ ^ 



Cdxd' ■ 



d&Xs deX s d'eXt 



Say x = wd with w in W and g? in H b . Then £(swt) = £{w) > £(sw) = £{wt). By Deodhar's 
Property Z |8 ; , Theorem 1.1] we have wt = sw and so s = wtw~ l . It follows from the 
definition that X s = wXtW -1 . Moreover, it follows from the definition that tX t = X t t and 
X t tdt = X t d. Therefore, wtdX t = wX t dt and so sxX t = X s xt. It follows that P s Qt = QtPs- 

Sixth, suppose that £{sx) = £{xt) > £(sxt) > £(x). This case is similar to the situation in 
the previous paragraph. 

Now let TC be the subalgebra of End^i?) generated by { P y \ y G S U H b }. Consider the 
evaluation map, e: H — > E, with e(/) = f(ei). We will show that e is an isomorphism of A- 
modules. If d is in Hb and w = ■ ■ ■ Si p is in W with £{w) = p, then P Sl ■ ■ ■ P Sp Pd(e\) = e w d 
and so e is surjective. To show that e is injective, suppose that / is in TL and f{e\) = 0. If 
d is in Hb and w = ■ ■ ■ Si p is in W with £(u>) = p, then /' = QdQs p 4 • • Qsi(ei) is in 7^. By 
what we have shown above, //' = /'/ and so 



Since wd is arbitrary in WHb, it follows that / = and so e is injective. Thus, e is an 
isomorphism of A-modules. 

For x in WHb, let / x be the unique element in TC with the property that f x (ei) = e x . 
Then { / x | x G VTiff, } is an A-basis of H, f s = P s for s in S, and = Pj for d in 
if;,. It is easily checked that the relations (jH.O.lj) to (|H.().5jl are satisfied by the elements 
{ f s | s G S } U { fd | d G Hb } in TC. It follows that there is a homomorphism of A-algebras, 
4>: TC — > with = / y for y in 5 U iff,. Since { / x | i G Wiffi } is a basis of TC it follows 
that { t x | x G VF-ffj } is linearly independent. This completes the proof of the theorem. □ 

Any function on G that is constant on (B, 5)-double cosets is obviously constant on 
(B a , _B a )-double cosets. Thus, if is the centrally primitive idempotent in CGB corre- 
sponding to the trivial representation of B, then e^CGe^ C eCGe = TC q>a - Consequently, 
one would expect that the Iwahori-Hecke algebra of W is a subalgebra of TC. Taking into 
account the relation q — 1 = ah and that a is an indeterminate we show that this is indeed 
the case. 

The rule d i— > td defines an A-algebra isomorphism between the group algebra AWHb and 
the A-sp&n of {td \ d G Hb}. Define e\ = J2deH b ^> so = e i ^ or ever Y d m Hb and 
el = \Hb\ei (note that this is not the same e\ as in the proof above). It follows from (|3.0.2j) 
that ei is in the center of TC and so TCt\ is a two-sided ideal in TC. 

Corollary 3.3. The subalgebra TCe\ of TC is isomorphic to the Iwahori-Hecke algebra ofW 
with parameters q and b a. 

Proof. For w in W define t w = t w e\. It follows from Theorem 13.21 that { t w \ w G W } is a 
basis of TCe±. Clearly the elements t s for s in S satisfy the braid relations and 



= /7(ei) = //'(ex) = /(e^). 




□ 
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In the rest of this section we record some results that follow more or less immediately from 
Theorem 13.21 For many of the constructions in the rest of this paper it will be necessary 
to assume that q is invertible. Also, some formulas become simpler if we rescale the basis 
elements t x of TC by negative powers of v. Thus, we let A v = Z[a, v^™ 1 ] denote the 
localization of A at v and define H v = H <8U A v . For x in WH b , define T x = t x <g> v - ^'. 
Then { T x \ x G WH b } is an A v -basis of H v and the following relations hold for x in WH b , 
d in H b , and s in S: 

TdT x = T dx and T x T d = T xd . 

[T sx if£(sx)>£(x) 
\T SX + av- 1 J2 de x s T dx ^ l{sx) < £(x). 

\T XS ii£(xs)>£(x) 
\T XS + av" 1 J2dex s T *d if t(xs) < £(x). 

crucial ingredient needed to define the i?-polynomials and the 

Lemma 3.4. The elements T x for x in WH b are units in 7i v . In particular 

T- 1 = T S - av" 1 T <i 

dex a 

for s in S. 

Proof. Assume for a moment that T s is invertible for every s in S. Then T w is invertible 
for every w in W. It follows from (j3.3.1|) that T d is invertible for every d in H b and thus 
T w d = T w T d is invertible for every wd in WH b . 

To complete the proof, suppose s is in S and define T s = T s — av -1 J2dex s Td- Then it 
follows from ()3.3.2|) and ()3.3.3j) that T s is a left and right inverse for T s . □ 

Define r: H v — > A v by r(T x ) = 5 X) i for x in WH b and Av-linearity, where 6 X)V is the 
Kronecker delta. 

Proposition 3.5. If x and y are in WH b , then r(T x T y ) = S Xt y-i. Therefore, r is a sym- 
metrizing trace form on 7i v and { T y -i | y G WH b } is the basis of 7i v dual to the basis 
{T x \xeWH b }. 

Proof. Assume that T(T x T y ) = 8 x ^ y -i. Then r(hh') = r(h'h) for h and h' in 7i v and the 
bilinear form (h, h') \— > r(hh') is non-degenerate, so r is a symmetrizing trace form on 7i v . 

We prove the formula r(T x T y ) = 8 X:V -i using induction on £{x). 

If £(x) = 0, then x = d is in H b and using (j3.3-H) we have 

T{T d T y ) = r(T dy ) = 5 dy>l = 5 d; y-i. 

Now suppose that £(x) > 0. Write x = dws where d is in H b , w is in W, s is in S, and 
£{ws) > £(w). There are two cases: £(sy) > £{y) and £(sy) < £{y). 

First, suppose that £(sy) > £{y). Since £(xs) < £(x) and £(y _1 s) > £(y _1 ), it follows that 
x 7^ y- 1 and so S X:V -i = 0. Using (|3.3.1|) . (|3.3.2|) . and induction we have 

T~(T x TyJ T(T dw T s T y f T~(T dw T sy } 0~dw,y~ 1 s- 



(3.3.1) 

(3.3.2) T S T X = 

(3.3.3) T X T S = 

The following lemma is a 
partial order on WH b . 
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Since x ^ y 1 it follows that dw ^ y 1 s. Therefore, r(T x T y ) = 0. 

Second, suppose that £(sy) > £{y). Then using (|3.3.1|) . (|3.3.2|) . and induction we have 

r{T x T y ) = r(T dw T s T y ) 

= r I T dw (T sy + av" 1 T diy) I 
V d 1 &x s / 

= r(T dw T sy ) + av -1 ^ r ( T du,T diy ) 

di£X s 

— ^dw^s + av 1 2J q^ (d "'^,(di 2 /)- 1 - 

di£X 3 

If dw = (diy)^ 1 for some d 1 in X s , then ^(y^c/^s) = £(dws) > £(dw) = £(y~ 1 d± 1 ), so 
£(y~ 1 s) > £(y~ 1 ), a contradiction. Therefore, dw 7^ {d\y)~ x for di in X s and so 

Tyl'asl'y) &dw,y~ 1 s &x,y~ x 

as desired. □ 

Next, recall that a specialization of v4 v is a ring homomorphism from A v to a commutative 
ring B. Given a specialization, 0: A v — ► 5, we can consider the I?-algebra 7i v -B. 

Let 0i,o : ^4 V ^ C be a ring homomorphism with 0i(a) = and 0i(v) = ±1. Then clearly 
the C-algebra 7ii )0 = H v ®a v C is isomorphic to the group algebra CWH b . 

Let 4>q, a '- A v — > C be a ring homomorphism with g , a (a) = a and 9 , a (v) = i^/g. Then 
clearly the C-algebra H v ®a v C is isomorphic to the algebra TC q ^ a from §2. 

The arguments in §68] involving Tit's Deformation Theorem, together with the fact that 
a group algebra is always isomorphic to its opposite algebra, prove the following theorem. 

Theorem 3.6. If K is a field with characteristic zero that is a splitting field for KW H b and 
with the property that ind^j ls Q is a split KG -module, then the algebras EndifG(md s 1,b ) 
and KWHb are isomorphic. 

Now suppose that I is a prime that divides q — 1 and does not divide n\. Say l r \q — 1 and 
l r+1 J(q — 1. Set b = l r . Then H b is a Sylow /-subgroup of G. Let (O, k, K) be a sufficiently 
large /-modular system for G and let B denote the principal block of OG. We assume that 
q is a square in .fTand we consider B as a two-sided ideal in OG. Let 0: A v — > if be a ring 
homomorphism with 0(a) = a and 0(v) = ±-v/g. 

Corollary 3.7. TTie O -module ind^ a i£ a «s a biprojective B x (H, <EU V K)-bimodule and 
induces a Morita equivalence between the principal block, B, ofOG and the specialized algebra 
H ®a v K. 

Proof. This follows from the theorem using the argument in j^]. □ 
4. ^-POLYNOMIALS AND A PARTIAL ORDER ON WH b 

In this section we follow the constructions of Kazhdan and Lusztig in ^3] and define 
a "bar" involution of 7i v and i?-polynomials in A v . We use the non- vanishing of the R- 
polynomials to define a relation on WH b and we show that this relation is a partial order on 
WH b . This partial order reduces to the Bruhat order in case 6 = 1. 
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Define a ring endomorphism of A v , ~: A v — > A v , by Z-linearity, v = v _1 , and a = — av 2 . 
Notice that 



-av 2 = av 2 v 2 = a so is an involution, and 



av 1 = — av 1 . 



Next, extend to an endomorphism of H v by defining 



^ xTx = Y Wx-i = Yl ^ xTx 

x£WH b x&WH b xdWH b 

where T x is defined to be T~\. Notice that Td = Td for d in H b . 

Proposition 4.1. The endomorphism - : 7i v —>■ H v is a ring isomorphism of order two. 

Proof. Clearly — has order two and so is a bijection. Since 7i v is generated by { Td \ d G 
H b } U { T s | s G S } , to show it is a ring homomorphism, it is enough to show that 



Tr rri rri rri i rri rri rri rri 

d 1 x = 1 d 1 x ana i s i x = i s i x 

for x in WH b , d in H b , and s in S. These equations are easily shown to be true using ()3.3.1D 
and (J3~3~2jl . □ 

For y in WH b we may express T y in terms of the basis { T x \ x G WH b } of H v . For x and 
y in WH b , define elements R XtV in A v by 

Ty ^ ^ Rx,yT x . 

x£WH b 

Clearly R^i = 1. If cZ is in H b , then T d = T d and so R x ^ = if x ^ d and Rd,d = 1- It 
follows from Lemma f3. 41 that for s in 5 we have R XtS = unless x is in { s } U X s , i? s >s = 1, 
and = av -1 for d in X s . 

Proposition 4.2. Suppose x and y are in WH b . 

(1) If d is m H b , then R x>yd = R x d-\ y and R Xydy = R d -^x, y - 

(2) If s is in S and £(sy) < £{y), then 



Rsx, sy if£(sx) < £{x) 

Rsx,sy + av 1 ^2deX a Rdx,sy if £(sx) > £{x) . 

(3) If s is in S and £(ys) < £(y), then 

Rxs, ys if £{xs) < £(x) 

Rxs,ys ~\~ 3-V ^2d£X s Rxd,ys if £{sX ) > £{x). 



Rx,y 



Rx,' 



Proof. To prove the first statement we compute T yd . Using (j3.3-H) and the fact that T d = T d 
we have 

Tyd TyTd 

^ , Rx,yT x Td 
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On the other hand, T yd = ^2 x R x ,ydT x . Comparing coefficients of T x we see that Rx,yd 

Rxd~ l ,y 

A similar argument shows that R x ,d y = Rd~ 1 x,y 
To prove the second statement we have 



T = T T 

± y J - s sy 



T s - av- 1 J2 Td ) [J2 R *>>v T * ) 
^ dex s J \ x J 

^ ^ Rx,syT s T x 3.V ^ ^ ^ Rx,syTdx 



x d£X a 



^ Rx,syT S x + ^ Rx,sy I T sx + &V ^ Tdx J av ^ ^ ^ Rx,syTdx 



^(sz)>£(x) e.{sx)<t{x) 



£(sx)>£(x) deXa 



E Rsx, sy T x — av 1 ^ ^ R, 



d 1 x,syJ-x 



e(sx)>£(x) fc 3 



^ ^ Rsx,syTx ^ ^ | Rsx,sy ^ ^ -R, 



d 1 x,sy J -^a; 



f(sz)<£(z) e(sx)>e(x) 



Now, using that av 1 = — av 1 and X s = X s 1 it follows that 
R 



Rsx,sy if £(sx) < £(x) 



Rsx,sy ~\~ av 1 ^/deX s Rdx,sy if £{sx) > 



as claimed. 

The proof of the third statement is similar and is omitted. □ 

Corollary 4.3. For any x and y in WH b , if R xy ^ 0, then £(y) > £(x) and R xy is a 
polynomial in av -1 with non-negative integer coefficients and degree at most £(y) —£(x). In 
particular, R xy = if £(x) ^ £{y)- Moreover, R yy = 1. 

We will obtain a closed form for the polynomials R x , y in the next section. 

Proof. We prove the statements using induction on £{y). 

If £(y) = 0, then y = d is in Hi, and we have seen that R x ^ = unless x = d and that 
Rd,d = 1- 

Now suppose £{y) > 0. Choose s in S with £(sy) < £(y). Then by Proposition 14.21 and 
induction, R yy = R sy , S y = 1. 

Now suppose x is in WHb and R x>y ^ 0. 
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If £(sx) < then R xy = R sx ^ sy by Proposition 14.21 Since £(y) — £{x) = £(sy) —£(sx), it 
follows by induction that R XjV is a polynomial in scv 1 with non-negative integer coefficients 
and degree at most £(y) — £(x). 

If £{sx) > £(x), then R XtV = R sx , S y + av -1 J2dex 3 Rdx,sy by Proposition 14. 2| and so either 
Rsx, sy 7^ or Rd x , sy 7^ for some d in X s . Since £(sy) — £(sx) = £{y) — £(x) — 2 and 
£(sy) —£(dx) = £(y) —£(x) — 1 for any d in Hf,, it follows by induction that R x ^ y is a polynomial 
in av _1 with non-negative integer coefficients and degree at most £(y) — £(x). □ 

For x and y in WHb, define 

x < y if R x , y ^ 0. 

The main result in this section is that < is a partial order on WHb. 

Notice that when 6=1, then WH b = W. It is pointed out in [Til] that R x>y ^ if and 
only if x is less than or equal to y in the Bruhat-Chevalley order and so the relation < is the 
Bruhat-Chevalley order in this case. 

We have seen that for s in S and x in WHb, R xs ^ if and only if x is in X s , so x < s 
if and only if x is in X s . In particular, if 1 is the identity in WH b , then 1 < s if and only 
if b is odd. It follows that in general, the restriction of < to W is not the Bruhat-Chevalley 
order on W. 

Suppose wi and w 2 are in W and d\ and d 2 are in H b . Then by Proposition Rw 1 d 1 ,w 2 d 2 — 
R Wldl d 2 \ W2 - Define 

^«ii,ii)2 { d £ Hf) | Rwid,w 2 7^ }• 

Then for u^, u> 2 in and d\, d 2 in iff, we have 

Widi < w 2 d 2 if and only if d\d 2 £ 



U>2 - 



In order to understand the relation < we need to describe the subsets Vt Wl)W2 of 

Lemma 4.4. Suppose w\ and w 2 are in W , s is in S, and £{sw 2 ) < £(w 2 ). Set t = w^swi. 
Then 

n sWuSW2 if£(sw{) < £{wi) 

X t if£{sw x ) > £{ Wl ). 

Proof. If d is in Hb, then 

R SWl d,sw 2 if £(swi) < £(wi) 

R SWl d,sw 2 + av 1 Y.d'ex s Rd' Wl d, SW2 if £{swi) > £{wi). 

By definition X t = Wi l X s w\ so we may rewrite the last equation as 

R SWl d,sw 2 if £(sw!) < £(wi) 

Rsw\d,sw 2 

+ av' 1 Ed l€ X t R"Widid,sw 2 if £{sWi) > £(Wi). 

It follows immediately that Q Wl)W2 = Q S wi,sw 2 if £{swi) < £{wi). 

Suppose £(swi) > £{uii). Since R XtV is in N[av _1 ], it follows that R Wl d, W2 7^ if and only 
if R SWl d, SW2 7^ or there is a di in X t with R widl d,sw 2 7^ 0. Clearly did is in fl wl;SW2 if and 
only if d is in Q WlSW2 d^[ 1 . Since Xf 1 = X t we have 

^wi,w 2 ^swi,sw 2 U 'di (zXt ^"wi ,sw 2 d\ ) ^sw\,sw 2 U ^w\,sw 2 -^t ^sw\,sw 2 U ^"w\,sW2^-t ■ 

□ 



Hwid,w 2 



Rwid,w 2 
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In the next proposition, 1 denotes the identity in WH b and <b denotes the Bruhat- 
Che valley order on W. 

Proposition 4.5. Suppose W\ and W2 are in W . Then the following statements hold: 

(1) fl Wl>W2 7^ if and only if W\ <b u>2- 

(2) Q"W\,W\ \ 1 /• 

(3) Ifwi <b w 2 , then Q W1)W2 = X tl ■ ■ ■ X tr where t\, . . . , t r is any sequence of reflections 
in T with w>2 = W\t\ ■ ■ -t r and £{wit\ ■ ■ -U) = £(wx) + i for 1 < i < r. 

Proof. We will prove the proposition using induction on £{w2). 

If £{w2) = 0, then u> 2 = 1. We have seen that for x in WH^, R x \ = if x ^ 1 and 
Ri i = 1. Thus ft w> i = for w ^ 1 and f^i = { 1 } and so (JTJ, (J2J), and (jSJ) hold in this case. 

Now suppose that £(102) > and fix s in S with £{sw-i) < ^(w^). Then by Lemma fOl we 
have f2 W2)W2 = Qsw2,sw 2 an d so by induction, Q m>W2 = { 1 }. This shows that (J2J) holds. 

Suppose Wi is in W and W\ 7^ w 2 - 

We consider first the case when £(swi) < £{w\). 

By Lemma H31 we have £l Wl)Vl3 = O SWliOT2 and so by induction, fl Wl>W2 7^ if and only 
if sw\ <b SW2. By Deodhar's Property Z we have sw\ <b SW2 if and only if w\ <b W2- 
Therefore, Q Wl ,w 2 7^ if and only if w\ <b W2 and so (JTJ) holds. 

Suppose wi <b W2 and t\, . . . , t r is any sequence of reflections in T with W2 = w±ti ■ ■ ■ t r 
and t(w\tx ■ ■ - ti) = £{w\) + i for 1 < i < r. Define v = Wi and t>j = W]t\ ■ ■ -ti for 1 < i < r. 
Notice that v r = w 2 - 

There are two possibilities; either £{sVj) < £{vi) for 1 < i < r, or there is an i with 
£(svi) > £(vi) and £{sv i+1 ) < £(v i+1 ). 

Suppose that £(sVi) < £{vi) for 1 < i < r. Then su> 2 = switi ■ ■ - t r and £(swti ■ ■ - ti) = 
£{sw\) + i for 1 < i < r. Using Lemma f4. 41 and induction we have 

Now suppose there is an i with £{sVj) > £{vi) and £{sv i+ i) < £(v i+1 ). Then by Deodhar's 
Property Z, svi <b i>i+i- But £(sVi) = £{vi + \) and so svi = Vi+i. Hence switi---U = 
witi ■ ■ ■ tit i+ i and w^swi = t\ - ■ ■ tit i+ iti • • • t\. 

Fix i so that i is maximal with £(svi) > £(vi). Then 1 < % < r, v i+ i = svi, and for j > i 
we have £(svj) < £{vj). Since v i+ i = sv^ we have 



Set 



SVi + 2 — SViti + it i+2 — Vi + it i+1 t i+ 2 — Viti + 2- 

-1 A ,/ ftj-i for2<j<i + l 

ti = w, swu and t, = < 

1 1 J 1 for i + 2 < j < r. 

Then sw 2 = swit[ ■ ■ -t' r and £(swit[ ■ ■ -t'-) = £(sw\) + j for 1 < j < r. Using the induction 
hypothesis, the fact that w^swi = t 1 ■ ■ -tjt i+1 tj ■ ■ - tx, and Proposition 12.51 we have 

^"W\,W2 ^SW±,SW2 

— x tl ■ ■ -X u X ti+2 ■ ■ -X tr 



UI-l swi 



x tl ■ ■ ■ X t .X tl ... t . ti+lt .... tl X t . +2 ■ ■ -X tr 



x tl ■ ■ ■ x tr . 
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We have shown that (J3J) holds in both cases and thus have completed the proof of the 
proposition when £(swi) < £{wi). 

For the remainder of the proof we assume that £{sw\) > £{w\). Then by Lemma 14.41 
we have Q Wl , W2 = fi SU)liSU2 U Q Wl ^ SW2 X t where t = w± sw%. By Deodhar's Property Z the 
following three conditions are equivalent: 

• SWi < B W 2 , 

• wi <b w 2) and 

• wi < B sw 2 . 

If wi <b w 2 , then w\ <b sw 2 and so by induction Q WljSW2 ^ 0. Therefore fl WltW2 ^ 0. 
Conversely, if fl WltW2 ^ 0, then either £l aWl>SW2 7^ or Q WltS w 2 0- m the first case, it follows 
by induction that swi <b sw 2 . But then swi <b w 2 and so w\ <b w 2 . In the second case, 
it follows by induction that w\ <b sw 2 and so again w\ <b w 2 . This proves (JTJ). 

Now suppose that u>i <b w 2 and ti, t r is any sequence of reflections in T with 
w 2 = w%tx ■ ■ - t r and £{wit\ •••£,) = £(wi) + i for 1 < i < r. As above, define v = W\ and 
Vi = Witi ■ ■ - ti for 1 < i < r. As above we have v r = w 2 . 

We consider the subset VL wl)SW2 X t of H b . Choose i maximal with £(svi) > £{yi). Then we 
have seen that u>f l sw\ = t\ - ■ • UU+iU • ■ - ti and sVi +2 = Vit i+2 . Set 
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tj for 1 < j ' < i 

tj + i for i + l<j<r — 1. 



Then sw 2 = wit[ ■ ■ ■ t' r _ x and £(wit[ ■ ■ ■ tj) = £{w\) +j for 1 < j < r — 1. Using the induction 
hypothesis and Proposition 12.51 we have 





• • Xf . x+ . . * * 


■x tr x t 




= x h - 


• ■ Xf-Xf-. ...ft- 




■■x tr 


= x h - 


■■x tr . 







There are two cases, either swi -£b sw 2 or swi <b sw 2 . 
Suppose that swi ^b sw 2 . Then fl swi! sw 2 = an d so 

^"wi,W2 ^"Uii^w^Xt Xt x ■ ■ ■ Xf r . 

Finally, suppose that swi <b sw 2 . Then fl swi! sw 2 0- We will show that Q SWltSW2 ^ 
tt Wl;S w 2 Xt and so 

^«)i,u>2 ^swi,sw 2 U ,sw 2 Xt ^wi,sw2Xt Xt 1 ' ' ' Xi r . 

Choose reflections t' 2 , . . . , £j.-i so that sw 2 = swit' 2 ■ ■ ■t' r _ l and £{swit' 2 ■ ■ -t'^ = £(swi) + 
i — 1 for 2 < i < r — 1. Then by induction £l SWltSW2 = X t > ■ ■ ■ X t > . Set t[ = t. Then 
sw 2 = Wit[ ■ ■ ■ tf r _ 1 and £(wit[ ■ ■ ■ = £{w\) + iioil<i<r — 1 and so by induction 

®"wi,sw 2 X t = X t X t ' 2 ■ ■ ■ X t ' r _ i X t = X t Vt SWl SW2 X t . 

The subset X t X t of H b is a subgroup and so Q wl ^ SW2 X t contains ^^^^^2 as claimed. 

It follows that (jHI holds when £(sw\) < £{wi). This completes the proof of the proposition. 

□ 

Theorem 4.6. The relation < on WH b is a partial order. 
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Proof. We have seen that R X}X = 1 for all x in WH b and so the relation is reflexive. 

Suppose x = Widi, y = w 2 d 2 , and z = w 3 d 3 are in WH b with W\, w 2 , w 3 in W and dx, d 2 , 
d 3 in H b . 

If x < y and y < x, then dxd^ 1 is in £l WltW2 , so by Proposition 14.51 we have W\ <b w 2 . 
Similarly, w 2 <b w\ and so w\ = w 2 . But then Q WuW2 = { 1 } and so d\ = d 2 . Therefore 
x = y and so the relation is anti-symmetric. 

If x < y and y < z, then d\d^ is in fl Wl>W2 and d 2 d 3 l is in VL W2yW3 . It follows from 
Proposition 14.51 that wi <b w 2 and w 2 <b w 3 . Thus w\ <b w 2 <b w 3 and so using 
Proposition 14.51 again we see thctt ^lyj^ — ^^tui W2 w'2 3 • Hence d\d^ — d~^d<2 d^d^ is m 
&"wi,w 3 - Therefore x < z and so the relation is transitive. □ 

We conclude this section with some properties of the partial order and some examples. 

Proposition 4.7. Multiplication by d is a poset automorphism of (WHb, <) for every d in 

Proof. Clearly x i— > xd and x t— > dx are bijective mappings and it follows from Proposition 
14.21 that x < y if and only if either dx < dy or xd < yd. □ 

Define H' = X Sl x • • • x X Sn _ x and recall that X = { /ii(C ai ) | < i < b - 1 }. By 
Proposition 12.6} the multiplication mapping from Xq x if' to H b is a bijection. 

Proposition 4.8. Ifb is odd, then H' is a subgroup of H b that contains X tl ■ ■ ■ X tr for every 
t\, . . . , t r inT . 

Proof. Since b is odd, each X t is a subgroup of H b and so X S1 ■ ■ ■ X Sn _ 1 is a subgroup of H b . 
To prove the proposition it is enough to show that X t is contained in X S1 ■ ■ ■ X Sn _ 1 for every 
t in T. 

Suppose t is in T and t interchanges the ith and jth standard basis vector of with 
i < j. Then X t = { hij(a) \ a G F b }. We may assume that j — 1 > 1. The result follows 
since 

hij(a) = hi,i +1 (a)h i+ i M2 (a)h 1+2 ^ +3 (a) ■ ■ ■ hj-ij{oi). 

□ 

Proposition 4.9. If b is odd, then WH' is a normal subgroup of WH b and the cosets of 
WH' are the connected components of the Hasse diagram of the poset (WH b , <). 

Proof. It is straightforward to check that WH' is a normal subgroup of WH b and it follows 
from Proposition 12.61 that Xq is a complete set of coset representatives of WH' in WH b . 

It follows from Proposition 14.71 that the posets (WH', <) and (WH'd^, <) are isomorphic 
for every d in X . 

Suppose Widi and w 2 d 2 are in WH' and cti and a 2 are in F b with widihi(a>i) < w 2 d 2 h 1 (a 2 ) . 
Then d\d 2 l h^aia^ 1 ) is in Q Wl>W2 . By the last proposition and Proposition 14.51 we have 
Q<wi,w2 Q H' and so it follows from Proposition 12.61 that hi(a\a 2 l ) = 1. Therefore, hi(a\) = 
/ii(«2)- This shows that if x and y are in WH' and do and d' are in X Q , then no element of 
WH'd is related to any element of WH'd' if d ^ d' Q . 

Finally, suppose Wid\ and w 2 d 2 are in WH'. We have seen that is a subgroup of H' 
for every w in W. It follows that di < W\di and d 2 < w 2 d 2 . Also, every simple reflection 
in S occurs in any reduced expression for the longest element wq, so Qi tWQ = H' and hence 
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d\ < w did 2 and d 2 < w did 2 . This shows that the Hasse diagram of the poset (WH', <) is 
connected. □ 

If b is even, then it is not hard to show that the Hasse diagram of (WHf,, <) still has 
b connected components, but they are somewhat more complicated to describe. This is 
illustrated in the next example. 

Example 4.10. Suppose n = 3 and 6 = 2. Then the Hasse diagram of WHb has two 
connected components. The connected component containing the identity in WH 2 is given 
in (j4.10.1|) below. In this diagram we have denoted hi(— 1) simply by di for i = 1, 2, 3. 
By Proposition 14.71 the other connected component of the Hasse diagram is obtained from 
(|4.10.1|) by multiplying on the left by d\. 
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5. Subexpressions and a Closed Formula for R x>y 

In this section we adapt results of Deodhar 9 J to describe the lower order ideals in WHb 
and to give a closed form for the polynomials R x<y . 

It follows from Proposition 14.21 that for y and z in WHb and d in Hb we have 

y < zd if and only if yd" 1 < z and 
y < dz if and only if d~ x y < z. 

For z in WHb, define C z = { x G WHb \ x < z }. Then if z = wd with w in W and d in 
Hi, we have C z = H w d~ x . Thus, to analyze the lower order ideals C z it is enough to consider 
the case when z = w is in W. 

Recall that a tuple of elements of S, say (si, . . . , s p ), is said to be reduced if £(si • • • s p ) = p. 

Fix a reduced tuple, s = (sj, . . . , s p ), of elements of 5. A distinguished subexpression of s 
is a p + 1-tuple of elements of WH b , say x = (x , Xi, . . . , x p ), with the properties 

(DS1) x = 1, 

(DS2) xj\xj G { Sj } U for 1 < j < p, and 
(DS3) Xj < Xj^iSj for 1 < j < p. 

Let P s denote the set of distinguished subexpressions of s and let n s : V s — > IF iff, be the 
projection on the last factor, 7r s (x) = x p . 

In the rest of this section we frequently argue using induction on the number of elements 
in s. If s = (si, . . . , s p ) with p > 1, define s' = (sj, . . . , 

Theorem 5.1. If s = (si, . . . , s p ) w a reduced tuple of elements of S and w = s\ ■ ■ ■ s p , then 

r = {^x)|xep s }. 

Proof. We prove the result using induction on p. If p = then the result is clear and if p = 1 
then the result follows from Proposition 14.51 

Suppose p > 1. Set s = s p . 

Choose ?/ in IF iff, with y < w. 

If < then ^ R y ^ w = R ys , ws , so ys < ws. By induction, there is a x' = 
(x , • • • , in V s i with 7r s /(x') = ys. Define x p = y and x = (x , . . . , Xp_i, x p ). Then 

Xp^Xp = sy^y = s is in { s p } Ul Sp and x p = y = yss = Xp_is. Thus, x is in V s , 7r s (x) = y, 
and so y is in 7r(D s ) in this case. 

If ys ^ ws, then we must have £(ys) > £(y) and i2j, jt0 = av 1 J2dex Ryd,ws- Thus, there 
is a in X s with ?/<i < ws. By induction, there is an x' = (xq, . . . ,x p -i) in T> s i with 
7r s '(x') = yd. Define x p = y and x = (x , . . . , x p -i,x p ). Then x~_]X p = d~ x y~ x y = d~ l is 
in { s p } U X Sp . Say y = ucfi where v is in VF and d\ is in Then £{vs) > £(v) because 
£(ys) > £(y). Now d~ x d± d\ < s, so d\ < d\ds, and so vd\ < vssdids = vd\ds. It follows 
that x p = y = vdi < vd\ds = yds = x p -\s. Thus, x is in V s , 7r s (x) = y, and so y is in n s (V s ) 
in this case also. 

We have shown that C w C { vr(x) | x G X> s }. 

Conversely, suppose x is in £> s . Then clearly (xo, . . . ,x P -i) is in T> s i. Also, 
{ s } U X s , so x p = Xp_is or x p = x p -%d for some d in X s . We need to show that x p < w. 

Suppose first that x p = x p _is and £(x p s) < £(x p ). Then R x w = R XpS , W s = R Xv -\,ws- By 
induction, x p _i < ws. Therefore, R Xp _ ltWS ^ and so R Xp>w ^ 0. Hence x p < w in this case. 
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Next, suppose that x p = x p ^%s and i(x p s) > £(x p ). Then 

Rx p ,w Rx p s,ws ^ Rxpd,ws Rx p —\,ws ^ Rx p d,ws- 



deX 3 deX 3 



Since (x , . . . , is in P s / it follows by induction that < ws and so R Xp _ 1:WS 7^ 0. 

Therefore, it follows from Corollary 14.31 that R Xp>w 7^ and so x p < w in this case. 

Finally, suppose that x p = x p _\d where d is in X s . Then x p = x p _\d < x p _is. By 
induction x p -\ < ws and so -R Xj) _ liU , s 7^ 0. By Proposition 14.21 we have 



Rxp—lS,W 



Rx p —i,ws if &\Xp~. iSJ <C i) 

Rx p -i,ws X^dGXj, Rx p -isd,ws if i(x p ^ \S) > 



It follows from Corollary 14.31 that R Xp _ 1StW 7^ and so < u;. Therefore, x p < w in this 

case also. □ 

Suppose s = (si,...,s p ) is a reduced tuple and x = (x%, . . . , x p ) is in V s . Define 

/(x) = { j | 1 < j < p and xj\xj G X s . }, and n(x) = |/(x)|. 

The rest of this section is devoted to the proof of the following theorem. 

Theorem 5.2. Suppose s = (si, . . . , s p ) is a reduced tuple and w = si ■ ■ ■ s p . Then 

R y , w = J2 ( av_1 ) n(x) 

for y < w. 

We will prove the theorem using induction onp and the recursion formula from Proposition 
14.21 The argument is essentially the same as that in Deodhar [9], suitably modified so as to 
make sense in our context. 

Set w — Sf ■ ■ s p and s = s p . In the next lemmas, p > 1 and y denotes an element in WHb 
with y < w. We will analyze the subsets n^iy) of V s . 

Recall that we have defined s' = (s\, . . . , s p _i). It follows immediately from (DS1) to 
(DS3) that x' = (xo, . . . ,x p -i) is in V s i. Let 6 denote the projection from V s to T> s i given 
by 0(x) = x'. 

Clearly, if x and x are in ir^ 1 (y) with 9{x) = #(x), then x = x. Thus, &\^- x iy) is injective. 
Suppose x = (x , . . . , x p ) is in 7r~ 1 (?/) and p > 1. Then x~\y is in {s} U X s and so 

• p is not in /(x) if and only if x p _i = ys and 

• p is in /(x) if and only if x v -\ = yd for some d in X s . 

Set 

n^iy); = { x G X> s | tt s (x) = y and p £ /(x) } 

and 

^(^p = { x G X> s | tt s (x) = y and p G /(x) } 
so 7r s " 1 (y) is the disjoint union of 7T~ 1 (y) p and 7r s " 1 (y)*. 

Lemma 5.3. If £(ys) < £{y), then 

(1) ys < ws, 

(2) 7r- 1 ( 2/ )=7T- 1 ( 2/ ); ) and 
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( 3 ) O^sHy)'- ^(v) ^(l/*) ls a bijection. 

Proof. By Proposition 14.21 we have R y<w = R ys , W s and so ys < ws. 

Say x = (xq, ■ ■ ■ ,x p ) is in 7r s ' 1 (?/). Then x p = y, x~ x y is in {s} U X s , and y < x p -.\s. 
Just suppose that x~\y — d is in X s . Then y < yd _1 s and so £(y) < £(ys), a contradiction. 
Therefore, p is not in /(x). This shows that n s ' 1 (y) = ^.T^y)*. 

To show that 9 (vr" 1 ^/)) = ir~, (ys), suppose x' = (x , . . . , is in V s i and = ys. 
Set x p = y and x = (x , . . . , x p ). Then = sy~ l y = s and x p = y = yss = x p _is, so x 

is in vrg" 1 ^/) and #(x) = x'. □ 

Lemma 5.4. Suppose y < w and y = vd with v in W and d in X s . If £(ys) > £(y), then 
y < yd\s for all d\ in X s . 

Proof. Since £(ys) > £{y) it follows that £(vs) > £(v). If d\ is in X s , then d^ 1 < s and so 
1 < ds. Thus, d < (s)(sdd\s) and so y = v d < (vs)(sddis) = yd\s. □ 

Lemma 5.5. If £(ys) > £(y) and ys ^ ws, then 

(!) k\v) = K 1 {y) P and 

( 2 ) d \^Hyy ^(y) -> ^dexK^iyd) is a bijection. 

Proof. Say x = (x , . . . ,x p ). Then x p = y and x~\y is in {s} U X s . Just suppose that 
x p \y = s, so y = x p _is. Now x' = (x , . . . ,x p -i) is in V s i and so by Theorem 15.11 
x p -i < ws. But x p -i = ys and by assumption ys ^ ws, a contradiction. Therefore, p is not 
in I(x). This shows that 7r s " 1 (?/) = n s ' 1 (y) p . 

To show that 9 (^^(y)) = UdeXs^g^yd), suppose d is in X s , x' = (xo, . . . , x p -i) is in V s /, 
and = yd. Set x p = y and x = (x , . . . , x p ). Then x'^Xp = d~ l y~ l y = d" 1 is in X s . It 
follows from the last lemma that y < yds and so x is in ^^{y) and #(x) = x'. □ 

Lemma 5.6. Suppose £(ys) < £(y) and ys < ws, then 

e \^\v)l '■ Kn\vY v ^\ys) and 9\^ {y)p : ^(y^ -> U^Ti^yd) 

are bisections. 

Proof. If x = (x , • • • , x p ) is in 7r~ 1 (?/)*, then x p = y and p ^ -^( x ), so = ys. Thus 9(x) 
is in 7r s ; 1 (ys). 

To show that 9 (vr^^y)*) = 7r~, (ys), suppose x' = (xq, . . . , x p -\) is in ^^(ys). Set x p = y 
and x = (xq, ■ ■ ■ , x p ). Then as above, x~\x p = sy~ 1 y = s and x p = y = yss = x p -\s, so x 
is in vr" 1 ^/)* and 6*(x) = x'. 

If x = (x , . . . , Xp) is in 7i~ 1 (y) p , then x p = y and p G I(x), so Xp_i = yd\ for some di in 
X s . Thus 0(x) is in UdeXs^fyd). 

To show that 9 (^ s 1 (y) P ) = Ud 6 x s 7V (yd), suppose d is in X s and x' = (xq, . . . , x p -i) is in 
Kg^iyd). Set x p = y and x = (x , . . . , x p ). Then as above, x~\x p = d^ 1 and it follows from 
Lemma EH that y < yds, so x is in 7r~ 1 (y) p . □ 

Proof of Theorem \5. 6 A We prove the theorem using induction on p. If p = 1, then the result 
follows from (|3.3.3|) . 

Suppose p > 1, set w = Si ■■■ s p and s = s p , and suppose y is in WH b with y < w. There 
are three cases: 
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(1) £{ys) < £(y), 

(2) £(ys) > £{y) and ys ^ ws, and 

(3) £(ys) > £(y) and ys ^ ws. 

Suppose first that £(ys) < £(y). Then ys < ws and ^(^(x)) = n(x) for x in tt" 1 ^). Using 
Proposition 14.21 induction, and Lemma [5.31 we have 

Ry,w Flys,ws 

= £ (av- 1 )^') 
= ^ (av- x ) n ( e W) 

= ( av ^) n(x) ' 

Second, suppose that £{ys) > £(y) and ys ^ ws. Then n(x) = ^(^(x)) + 1 for x in 7r~ 1 (?/). 
Using Proposition 14.21 induction, and Lemma f5. 51 we have 



R y ,w — av 1 R. 



yd,ws 
deX s 

av- 1 ^ E ( av ") n(X,) 



= ^ (av- 1 )™^^^ 1 
= ^ (av- 1 )"^. 

Finally, suppose that ^(?/s) > £(?/) and < ws. Then n(x) = ^(^(x)) for x in 7r~ 1 (y)* 
and n(x) = n(#(x)) + 1 for x in 7c~ 1 (y) p . Using Proposition 14.21 induction, and Lemma [5.61 
we have 

-Ry,w -Rys,ws ~t~ av ^ ^ Ryd,ws 

deXs 

= Yl (av-^^ + av-^ £ (av- 1 )^') 

x' e 7r ~ 1 (ys) dGX s x / g7r - 1 (j^) 

= £ (av-^ + X; E ( av_1 ) n(x ' )+1 
x'e7r s ; 1 (?/s) cieXs x'gtt" 1 ^) 

= £ (av- 1 )"( e W)+ ^ (av- 1 )™^^ 1 

x£Tr s ~ 1 (ys)* xeTT s ~ 1 (y) p 
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= (av _1 ) n(x) + ( av_1 ) n(x) 

= J2 ( av_1 ) n(x ' 

This completes the proof of the theorem. □ 

References 

1. N. Bourbaki, Elements de mathematique. Fasc. XXXIV. Groupes et algebres de Lie. Chapitre IV: 
Groupes de Coxeter et systemes de Tits. Chapitre V: Groupes engendres par des reflexions. Chapitre 
VI: Systemes de racines, Actualites Scientifiques et Industricllcs, No. 1337, Hermann, Paris, 1968. 

2. M. Broue and G. Malic, Zyklotomische Heckealgebren, Asterisque (1993), no. 212, 119-189, 
Representations unipotentes generiques et blocs des groupes reductifs finis. 

3. M. Broue, G. Malle, and J. Michel, Generic blocks of finite reductive groups, Asterisque (1993), no. 212, 
7-92, Representations unipotentes generiques et blocs des groupes reductifs finis. 

4. M. Broue and J. Michel, Blocs a, groupes de defaut abeliens des groupes reductifs finis, Asterisque (1993), 
no. 212, 93-117, Representations unipotentes generiques et blocs des groupes reductifs finis. 

5. M. Cabanes and M. Enguchard, Representation theory of finite reductive groups, New Mathematical 
Monographs, vol. 1, Cambridge University Press, Cambridge, 2004. 

6. C.W. Curtis and I. Reiner, Methods of representation theory. Vol. I, John Wiley & Sons Inc., New York, 
1981, With applications to finite groups and orders, Pure and Applied Mathematics, A Wiley-Interscience 
Publication. 

7. , Methods of representation theory. Vol. II. With applications to finite groups and orders, Pure 

and Applied Mathematics, John Wiley & Sons, New York, 1987. 

8. V.V. Deodhar, Some characterizations of Bruhat ordering on a Coxeter group and determination of the 
relative Mobius function, Invent. Math. 39 (1977), 187-198. 

9. , On some geometric aspects of Bruhat orderings. I. A finer decomposition of Bruhat cells, Invent. 

Math. 79 (1985), no. 3, 499-511. 

10. , On some geometric aspects of Bruhat orderings II. The parabolic analogue of Kazhdan-Lusztig 

polynomials, J. Algebra. Ill (1987), 483-506. 

11. M. Geek and G. Pfeiffer, Characters of finite Coxeter groups and Iwahori-Hecke algebras, London Math- 
ematical Society Monographs. New Series, vol. 21, The Clarendon Press,' Oxford University Press, New 
York, 2000. 

12. J.J. Graham and G.I. Lehrer, Cellular algebras, Invent. Math. 123 (1996), no. 1, 1-34. 

13. D. Kazhdan and G. Lusztig, Representations of Coxeter groups and Hecke algebras, Invent. Math. 53 
(1979), 165-184. 

14. G. Lusztig, Characters of reductive groups over a finite field, Annals of Mathematics Studies, vol. 107, 
Princeton University Press, Princeton, NJ, 1984. 

15. G. Lusztig, Hecke algebras with unequal parameters, CRM Monograph Series, vol. 18, American Mathe- 
matical Society, Providence, RI, 2003. 

Department of Mathematics, University of South Carolina, Lancaster, Lancaster, SC 
29721 

E-mail address: alhaddad@gwm .sc. edu 

Department of Mathematics, PO Box 311430, University of North Texas, Denton TX, 
USA 76203-1430 

E-mail address: douglass@unt.edu 



